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(THREE DIMENSIONAL GEOMETRY ) 


%* The moving power of mathematical invention is not 
reasoning but imagination. - A. DEMORGAN «€ 


11.1 Introduction 


In Class XI, while studying Analytical Geometry in two 
dimensions, and the introduction to three dimensional 
geometry, we confined to the Cartesian methods only. In 
the previous chapter of this book, we have studied some 
basic concepts of vectors. We will now use vector algebra 
to three dimensional geometry. The purpose of this 
approach to 3-dimensional geometry is that it makes the 
study simple and elegant*. 


In this chapter, we shall study the direction cosines 
and direction ratios of a line joining two points and also 
discuss about the equations of lines and planes in space 
under different conditions, angle between two lines, two | 

. A Leonhard Euler 
planes, a line and a plane, shortest distance between two (1707-1783) 
skew lines and distance of a point from a plane. Most of 
the above results are obtained in vector form. Nevertheless, we shall also translate 
these results in the Cartesian form which, at times, presents a more clear geometric 
and analytic picture of the situation. 


11.2 Direction Cosines and Direction Ratios of a Line 


From Chapter 10, recall that if a directed line L passing through the origin makes 
angles a, D and y with x, y and z-axes, respectively, called direction angles, then cosine 
of these angles, namely, cos a, cos B and cos y are called direction cosines of the 
directed line L. 


If we reverse the direction of L, then the direction angles are replaced by their supplements, 


ie. zr—a, ケー/ and z- y. Thus, the signs of the direction cosines are reversed. 
* For various activities in three dimensional geometry, one may refer to the Book 


*A Hand Book for designing Mathematics Laboratory in Schools”, NCERT, 2005 
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X f 
Fig 11.1 


Note that a given line in space can be extended in two opposite directions and so it 
has two sets of direction cosines. In order to have a unique set of direction cosines for 
a given line in space, we must take the given line as a directed line. These unique 
direction cosines are denoted by /, m and n. 


Remark If the given line in space does not pass through the origin, then, in order to find 
its direction cosines, we draw a line through the origin and parallel to the given line. 
Now take one of the directed lines from the origin and find its direction cosines as two 
parallel line have same set of direction cosines. 


Any three numbers which are proportional to the direction cosines of a line are 
called the direction ratios of the line. If l, m, n are direction cosines and a, b, c are 
direction ratios of a line, then a = Al, b=Am and c = An, for any nonzero À e R. 


Some authors also call direction ratios as direction numbers. 





Let a, b, c be direction ratios of a line and let /, m and n be the direction cosines 
(d.c's) of the line. Then 
/ m n l 
ahr e =k (say), k being a constant. 


a b 
Therefore l=ak,m = bk, n = ck LL) 
But P-m-nm-1 


Therefore k (a2 +b? +c’) = 1 


1 


OT k= 土 一 ーー 
da ib re 
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Hence, from (1), the d.c.’s of the line are 


[2X———É m= 「 ME -+ — < 
Ja’ +b? +c? Ja? +b? +c? Ja’ +b? +c? 
where, depending on the desired sign of k, either a positive or a negative sign is to be 
taken for /, m and n. 


For any line, if a, b, c are direction ratios of a line, then ka, kb, kc; k 0 is also a 
set of direction ratios. So, any two sets of direction ratios of a line are also proportional. 
Also, for any line there are infinitely many sets of direction ratios. 


11.2.1 Relation between the direction cosines of a line 


Consider a line RS with direction cosines /, m, n. Through 
the origin draw a line parallel to the given line and take a 
point P(x, y, z) on this line. From P draw a perpendicular 
PA on the x-axis (Fig. 11.2). 





Let OP = r. Then cosa = に =~. This gives x = Ir. 
OP r 
Similarly, y =mr and z=nr 
Thus VP4+y4+7=r (P +m +n’) 
But XHY Zr 
Hence P+m+n?=1 Fig 11.2 


11.2.2 Direction cosines of a line passing through two points 


Since one and only one line passes through two given points, we can determine the 
direction cosines of a line passing through the given points P(x, y,, z,) and Q(x,, y,, Z,) 
as follows (Fig 11.3 (a)). 
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Let L, m, n be the direction cosines of the line PQ and let it makes angles o, D and y 
with the x, y and z-axis, respectively. 

Draw perpendiculars from P and Q to XY-plane to meet at R and S. Draw a 
perpendicular from P to QS to meet at N. Now, in right angle triangle PNQ, ZPQN= 
Y (Fig 11.3 (b). 





N Zmz 
Therefore, cos y = P = "PO 
Similarly cosa = 27. and cosB= ぞ ーー 
PO PO 


Hence, the direction cosines of the line segment joining the points P(x,, y,, z,) and 
Q(x,, y, Z,) are 


n-a » 79 4 


9 





PQ PQ ° PQ 





2 
where PO = (35 = 5 時 08 — y,) + M. — z) 


[== Note |The direction ratios of the line segment joining P(x,, y,, z,) and Q(,, y,, Z,) 


may be taken as 
ルー X» Y — Ye; hy OFX, — X, V9 Ky a 





Example 1 Ifa line makes angle 90°, 60° and 30° with the positive direction of x, y and 
z-axis respectively, find its direction cosines. 


1 
Solution Let the d.c.'s of the lines be / , m, n. Then / = cos 90? = 0, m = cos 60° = っ 


V3 
v 


Example 2 If a line has direction ratios 2, — 1, — 2, determine its direction cosines. 


n = cos 30° = 


Solution Direction cosines are 


O2 5 02 5 22 4 
J£ ADD JDA 2? + (1) + (2) 
2-10 -2 

oF ON 37 3 


Example 3 Find the direction cosines of the line passing through the two points 
(— 2, 4, — 5) and (1, 2, 3). 


2019-20 


THREE DIMENSIONAL GEOMETRY 467 


Solution We know the direction cosines of the line passing through two points 
P(x,, y,, Z,) and Q(x,, y,, Z,) are given by 


42 4 H-A aTa 


? 


PQ PQ — PQ 


where PQ = (x, — e 中 © a y) $ (z = zu) 
Here P is (- 2, 4, — 5) and Q is (1, 2, 3). 


So PO = Ja- (2)? + Q- 4 + (3- (-5y? = J77 


Thus, the direction cosines of the line joining two points is 
PM 
77 77 N77 


Example 4 Find the direction cosines of x, y and z-axis. 





Solution The x-axis makes angles 0?, 90? and 90? respectively with x, y and z-axis. 
Therefore, the direction cosines of x-axis are cos 0°, cos 90°, cos 90? 1.e., 1,0,0. 
Similarly, direction cosines of y-axis and z-axis are 0, 1, 0 and 0, 0, 1 respectively. 


Example 5 Show that the points A (2, 3, - 4), B (1, - 2, 3) and C (3, 8, - 11) are 
collinear. 


Solution Direction ratios of line joining A and B are 
1-2,-2-3,3+41e.,-1,-—5, 7. 
The direction ratios of line joining B and C are 
3-1,8 +2,- 11-3, 1.e., 2, 10, — 14. 


Itis clear that direction ratios of AB and BC are proportional, hence, AB is parallel 
to BC. But point B is common to both AB and BC. Therefore, A, B, C are 


collinear points. 
EXERCISE 11.1 


1. Ifaline makes angles 90°, 135°, 45° with the x, y and z-axes respectively, find its 
direction cosines. 


2. Find the direction cosines of a line which makes equal angles with the coordinate 
axes. 


3. Ifa line has the direction ratios —18, 12, — 4, then what are its direction cosines ? 
Show that the points (2, 3, 4), (— 1, — 2, 1), (5, 8, 7) are collinear. 


5. Find the direction cosines of the sides of the triangle whose vertices are 
(3,5,-4), — 1, 1, 2) and (— 5, — 5,- 2). 
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11.3 Equation of a Line in Space 


We have studied equation of lines in two dimensions in Class XI, we shall now study 
the vector and cartesian equations of a line in space. 


A line is uniquely determined if 
(1) it passes through a given point and has given direction, or 


(ui) it passes through two given points. 


11.3.1 Equation of a line through a given point and parallel to a given vector b 
Let a bethe position vector of the given point 
A with respect to the origin O of the 
rectangular coordinate system. Let / be the 
line which passes through the point A and is 


Z 


parallel to a given vector b.Let F bethe 
position vector of an arbitrary point P on the 
line (Fig 11.4). 


Then AP is parallel to the vector b Ai., 





AP = Ab , where A is some real number. X 


But AP - OP- OA 


— 


i.e. Nb = テーg 
Conversely, for each value of the parameter A, this equation gives the position 
vector of a point P on the line. Hence, the vector equation of the line is given by 


r-üückb … (1) 
Remark If b = ai + bj +ck , then a, b, c are direction ratios of the line and conversely, 
if a, b, c are direction ratios of a line, then b = af +bj+ ck will be the parallel to 


the line. Here, b should not be confused with Ibl. 
Derivation of cartesian form from vector form 


Let the coordinates of the given point A be (x,, y,, z,) and the direction ratios of 
the line be a, b, c. Consider the coordinates of any point P be (x, y, z). Then 


^ 
— 


r=xi + yt ckiad=xity, itz, k 
and b=aitbjtck 

Substituting these values in (1) and equating the coefficients of i, j and ん , we get 
x=x, tha; y=y,+Ab; z=z+Ac … (2) 
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These are parametric equations of the line. Eliminating the parameter À from (2), 
we get 





=" = = a (3) 





Example 6 Find the vector and the Cartesian equations of the line through the point 
(5, 2, — 4) and which is parallel to the vector 37 + 27ー8 た . 
Solution We have 
2 = 5i+2 j—-4k and b =37 +2 j-8k 
Therefore, the vector equation of the line is 
F= 5192 3-MkK+21(3RE2 2-84) 
Now, 7 is the position vector of any point P(x, y, z) on the line. 


Therefore, xity J+zk Wi +W -4k 人 ん eS ha; ー 8 の 


(5433)i- (2-23) j-(CA- 8) k 
Eliminating A , we get 

x-5  y-2 Zz'M 

3 29-8 
which is the equation of the line in Cartesian form. 
11.3.2 Equation of a line passing through two given points 
Let 2 and p be the position vectors of two 
points A(x,, y,, z,) and B(,, Y, z,), 
respectively that are lying on a line (Fig 11.5). 


Let r be the position vector of an 
arbitrary point P(x, y, z), then P is a point on 


the line if and only if AP= テ -2 and 


AB - b — are collinear vectors. Therefore, 
P is on the line if and only if 





y—áà-AÀ(b-à) 


2019-20 


470 MATHEMATICS 


or PF-d4A(b—d),À € R. ad) 
This is the vector equation of the line. 
Derivation of cartesian form from vector form 
We have 
F=xityjt+zk, G=xity, j+z,k and b- xd y j^ Z k, 
Substituting these values in (1), we get 
xit y jtzk-xity jtzkt-A[GQo —x)itC(y y j tz; 一 る る) ん] 
Equating the like coefficients of 7, 7, É , we get 
x=x,+X(%,-x)s y=y tAGO,-y)3z7=z, +A, 一 る る) 
On eliminating À, we obtain 
Luci. UMP Ar. UN ios 
X14, J271 42274 
which is the equation of the line in Cartesian form. 


Example 7 Find the vector equation for the line passing through the points (—1, 0, 2) 
and (3, 4, 6). 


Solution Let à and b be the position vectors of the point A(- 1, 0, 2) and B (3, 4, 6). 


Then 2 ニー7+ 2 ん 
and =37+ 4 7+6 ん 
Therefore ら ー-g み =47 二 4 7+4 ん 


Let 7 be the position vector of any point on the line. Then the vector equation of 
the line is 


P=—i+2k+A(4i+ Aj AK) 
Example 8 The Cartesian equation of a line is 
Le) Ae る あり 


2 4 2 
Find the vector equation for the line. 





Solution Comparing the given equation with the standard form 


xx y^» £745 
a b C 
We observe that x,=-3,y,=5,2,=-6,a=2,b=4,c=2. 
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Thus, the required line passes through the point (— 3, 5, — 6) and 1s parallel to the 


vector 2i +4 7+2 ん . Let r be the position vector of any point on the line, then the 


vector equation of the line is given by 
r-(-31«45j-6£) + X Q1 «4j 2E) 


11.4 Angle between Two Lines 


Let L, and L, be two lines passing through the origin 
and with direction ratios a,, b,, c, and a,, b,, c,, 
respectively. Let P be a point on L, and Q be a point 
on L,. Consider the directed lines OP and OQ as 
given in Fig 11.6. Let 0 be the acute angle between 
OP and OQ. Now recall that the directed line 
segments OP and OQ are vectors with components 
a, b, c, and a, b,, c,, respectively. Therefore, the 
angle 0 between them is given by 





aa, t bb, +c,c, 
cos O0 = 


2D 





a? +b? +c? Jay +b? +c? 
The angle between the lines in terms of sin 0 is given by 
sin 0 = 4/1 — cos” 0 


2 (aa, + bb, +c) 
(a? +b’ a O +b; +c?) 


(a? +b? +e? (の tb; +c, )—-(a,a, + bb, tec). 
(a? +b? +c?) (ad -b2 +c3) 
(a, b, — a, b) d Du. c y T- (6.05 = 6; d y) 


h 2 2 2 2 の … 2) 
| a tb ctc NI +b tG 


In case the lines L and L, do not pass through the origin, we may take 





lines Li andL。 which are parallel to L, and L, respectively and pass through 
the origin. 
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If instead of direction ratios for the lines L, and L,, direction cosines, namely, 
l,, m,, n, for L, and L, m,, n, for L, are given, then (1) and (2) takes the following form: 


cos 0 2 I], L, * mm, - nn (as +m +n? =1 =i +m} n2) m) 





and sin 6 = J(I, m, —1,m,) —(m, Ha の n) + ら 一 め L) 4) 
Two lines with direction ratios a,, b,, c, and a,, b,, c, are 
(1) perpendicular i.e. if 8 = 90° by (1) 
aa,+b,b,+cc,=0 
(11) parallel i.e. if O = O by (2) 


a b 


L0 


v 

aM b, c, 

Now, we find the angle between two lines when their equations are given. If 0 is 
acute the angle between the lines 


p a+ Ab, and r = ai, +b, 
| B5 
TA 


In Cartesian form, 1f 6 is the angle between the lines 





then COsO = 








X= X Y ee eS | 
à b, C 








X-X,  y-y, Z-Z 
and b-2102.5 5 の ②) 
a) b, Cy 





where, a,,b, c and a, b,,c,are the direction ratios of the lines (1) and (2), respectively, 
then 


Qu DD GC, 


COSI WR. REL 
Ja; tb te Ajay b, «c; 


Example 9 Find the angle between the pair of lines given by 
y-23i42j-Ak X 4-2j - 2&) 
and が = 57-27+L(37 *2j 6k) 
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Solution Here b = 2j «2k and b, = 3/427 6k 


The angle 0 between the two lines is given by 














bb, | |(1-2j*2k)- (81 2j - 6k) 
OT Bll] | ie4e4 94436 
3+4+12| 19 
- 3X7 -2 
Hence 0 = cos a 
241 
Example 10 Find the angle between the pair of lines 
XR web złp 
38 5 ^X 
x+1 yHgmz-3 
ms 1 NN 


Solution The direction ratios of the first line are 3, 5, 4 and the direction ratios of the 
second line are 1, 1, 2. If © is the angle between them, then 


16 16 843 


50/6 5V2J6 15 


3.14+5.14+4.2 


cos 0 = ーーーーーーーーーーーーーー ーーーーーーーーーーー | 一 
437 4- 528 ^ +17 +27 
= 








Hence, the required angle is I 15 


11.5 Shortest Distance between Two Lines 


If two lines in space intersect at a point, then the shortest distance between them is 
zero. Also, if two lines in space are parallel, 
then the shortest distance between them 
will be the perpendicular distance, i.e. the 
length of the perpendicular drawn from a 
point on one line onto the other line. 


Further, in a space, there are lines which 
are neither intersecting nor parallel. In fact, 
such pair of lines are non coplanar and 
are called skew lines. For example, let us 
consider a room of size 1, 3, 2 units along x 
x, y and z-axes respectively Fig 11.7. 
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The line GE that goes diagonally across the ceiling and the line DB passes through 
one corner of the ceiling directly above A and goes diagonally down the wall. These 
lines are skew because they are not parallel and also never meet. 


By the shortest distance between two lines we mean the join of a point in one line 
with one point on the other line so that the length of the segment so obtained is the 
smallest. 


For skew lines, the line of the shortest distance will be perpendicular to both 
the lines. 


11.5.1 Distance between two skew lines 


We now determine the shortest distance between two skew lines in the following way: 
Let /, and L, be two skew lines with equations (Fig. 11.8) 


P 2 d *Àb, k (1) 


— 


and r-d,,tM b, ans (2) 


Take any point S on /, with position vector 4, and T on L, with position vector 4). 
Then the magnitude of the shortest distance vector T 
will be equal to that of the projection of ST along the Q 
direction of the line of shortest distance (See 10.6.2). L, 


If PQ is the shortest distance vector between 
I, and L , then it being perpendicular to both p, and 


b, , the unit vector 4 along PO would therefore be 
Fig 11.8 
- … (3) 


5 


| S 


n= 


EM sss 


x 
| b X 
Then PQ - d fi 
where, d is the magnitude of the shortest distance vector. Let O be the angle between 
ST and PQ . Then 


S~ 








PQ = ST Icos 01 
| oa St 
But cos 0 = IPO IISTI 
|d fi-(à, — à) u 
mr: A (since ST = d, — à) 





(b, x b,)-(à, — dá) 
ST |b, xd, | 


[From (3)] 
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Hence, the required shortest distance is 
d= PQ = ST Icos 0l 
( b, x b, ) (a, x d) 
Or =| ne nr 
| b, x b, | 
Cartesian form 
The shortest distance between the lines 
メー X y- M Z- 4 
L: =e tS uon 
a D G 
x-» y-» 72-2 


and L: a, = b — C 








X», X-A 2-4 
a E G 
a 9 C 


is (bc, - bo)" (Ga; - Ga Y + (ab, - a.b) 





11.5.2 Distance between parallel lines 
If two lines /, and J, are parallel, then they are coplanar. Let the lines be given by 
F=a *Àb Al) 
and F=a,+ ub ... (2) 
where, q, is the position vector of a point S on /, and 


a, is the position vector of a point T on L Fig 11.9. 


As L, L are coplanar, if the foot of the perpendicular 
from T on the line L is P, then the distance between the 
lines /, and/ = |TPI. 





Let 0 be the angle between the vectors ST and b. 
Then 


b x ST = (|b || ST|sin 9)ii ... (3) 
where ñ is the unit vector perpendicular to the plane of the lines /, and L 


But ST= 0%- 
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Therefore, from (3), we get 


b x(à,—à) = IbIPT â 


ie., Ibx(à,—à)l = IbIPT-1 


(since PT = ST sin 0) 


(as In | = 1) 


Hence, the distance between the given parallel lines is 


d = |PT| 





b x (à, — à) 





|^ | 


Example 11 Find the shortest distance between the lines /, and /, whose vector 


equations are 


and r 


Solution Comparing (1) and (2) with 


we get d 

の 

Therefore Ga WC, 

and b, x b, 

So Ib, x b 
d * ( b, X b,) ー 

| b, xb, | 


.(a,—4,) 


4 22 一 の ) … (1) 
3 


i -58 42k) avi) 


9 +1+4 = YS9 


Hence, the shortest distance between the given lines is given by 


13-0471 10 


Vs9 — 59 


Example 12 Find the distance between the lines /, and /, given by 
F=it2j-4k+A(2724+37+6k) 


and "sire edd o1 2743 451) 


2019-20 


THREE DIMENSIONAL GEOMETRY 477 


Solution The two lines are parallel (Why? ) We have 


Gi, = i+2)-4k, の 2 37+37ー5 ん and b = 27 37+6 ん 


Therefore, the distance between the lines is given by 








| i j ん 
P b x (à, — d,) 2.3 6 
E Ibl | 12 1 -I 
4+9+36 


 l-9f+14ĵ-4kl_~ 29 


293 
J49 J49 7 
EXERCISE 11.2 


Show that the three lines with direction cosines 


3 


23-4 4 12 3 Kyi | 

B 13 13 B’ 13° 13 13 13 13 are mutually perpendicular. 

Show that the line through the points (1, — 1, 2), (3, 4, — 2) 1s perpendicular to the 
line through the points (0, 3, 2) and (3, 5, 6). 

Show that the line through the points (4, 7, 8), (2, 3, 4) is parallel to the line 
through the points (— 1, — 2, 1), (1, 2, 5). 


Find the equation of the line which passes through the point (1, 2, 3) and is 
parallel to the vector 37 +2 j —2 k. 
Find the equation of the line in vector and in cartesian form that passes through 


the point with position vector 2f— j + 4 k and is in the direction î + 2 j- k. 


. Find the cartesian equation of the line which passes through the point (- 2, 4, — 5) 


and parallel to the line given by ーー ー — ー ーー 


x-35 -2 = ii = : B . Write its vector form. 


Find the vector and the cartesian equations of the lines that passes through the 
origin and (5, — 2, 3). 








The cartesian equation of a line is 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


MATHEMATICS 
Find the vector and the cartesian equations of the line that passes through the 
points (3, — 2, — 5), (3, - 2, 6). 
Find the angle between the following pairs of lines: 
(i) F=2i-5J+k+A(it27+6k) and 
F=7i -6k+u(i+2)7+2k) 
(i) #=37+ 了 テー2 ん + 和 (7 一 7ー2 ん ) and 
7 =2i —-j—56k+u(3i—-5 )—-4k) 
Find the angle between the following pair of lines: 


pex yel x ATO qeu E95 




















(1) = and ーーー = —— 
2 5 ES ex 8 4 
PEE y z IE LU s 
— Z — Z — and = cr Z we 
w 573719 4 1 8 
Find the values of p so that the lines M E 9y 14 = の 
3 2p 2 
and i E Pies = 4 are at right angles. 
3p ] 5 
Show that the lines me bt? -2 and ニニ ニニ ニ are perpendicular to 
-5 f 1 2. 3 
each other. 
Find the shortest distance between the lines 


F=(i+2j7+k) 4 AG 一 7 が ) and 
r-2i-j-ke-u Qi -j42k) 
Find the shortest distance between the lines 


qu aped due 








x*l y+l .z-«l 

————— ———-« and 
7 ー6 1 1 —2 1 

Find the shortest distance between the lines whose vector equations are 

F-(I42j]43Kk) + X( —53] & 2k) 

and F=474+57+6k+u(2i+3j +k) 

Find the shortest distance between the lines whose vector equations are 

F=(1-t)it+(t—2) j- (8-20 and 

F=(s+l)it(2s—-l) 7ー(25+T1) た 
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11.6 Plane 
A plane is determined uniquely if any one of the following is known: 


(1) the normal to the plane and its distance from the origin is given, i.e., equation of 
a plane in normal form. 


(i) it passes through a point and is perpendicular to a given direction. 
(ni) it passes through three given non collinear points. 
Now we shall find vector and Cartesian equations of the planes. 
11.6.1 Equation of a plane in normal form 
Consider a plane whose perpendicular distance from the origin is d (d #0). Fig 11.10. 


If ON is the normal from the origin to the plane, and 7 is the unit normal vector 


along ON. Then ON = d fi . Let P be any A 

point on the plane. Therefore, NP is 

perpendicular to ON . 

Therefore, NP.ON = 0 (の ) 

Let 7 be the position vector of the point P, 

then NP= F — d fi (as ON+ NP=OP) 

Therefore, (1) becomes Lo — Y 
(F-dn)-dn =0 X 
いい レノ / 、 Fig 11.10 

Or (r-dn)nzO0 (2 テ 0) 

or が. カー の カカ =O 

i.e., r.n-d (as ri- fi — 1) i) 


This is the vector form of the equation of the plane. 


Cartesian form 


Equation (2) gives the vector equation of a plane, where 7 is the unit vector normal to 
the plane. Let P(x, y, z) be any point on the plane. Then 


OP = F=xityj+zk 
Let l, m, n be the direction cosines of 7. Then 


Az=litmjtnk 
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Therefore, (2) gives 
(xityj+zk)-C i+myjtn ky=d 
1.e., lx+ my - nz -d m1 3) 


This is the cartesian equation of the plane in the normal form. 


| a= Note |Equation (3) shows that if r - (a í +b 7 tc k) = dis the vector equation 


of a plane, then ax + by + cz = d is the Cartesian equation of the plane, where a, b 
and c are the direction ratios of the normal to the plane. 





6 
Example 13 Find the vector equation of the plane which is at a distance of 29 


from the origin and its normal vector from the origin is 27 —3 7 + 4k. Also find its 
cartesian form. 


Solution Let i = 27-3 j + 4 k . Then 
ñ 2î-3j+4k 2î-3j+4k 


Inl [449416 29 


Hence, the required equation of the plane is 





n= 


~{ 2 。 -3 。 4 ム < 6 
し あい の あり) 
Example 14 Find the direction cosines of the unit vector perpendicular to the plane 
r(6;—-3j-2 め の +1 =0 passing through the origin. 
Solution The given equation can be written as 
r:(-6E-3j42E)-1 … (1) 


Now I-6i +3 7+2 ん | = 、/36+9+4=7 
Therefore, dividing both sides of (1) by 7, we get 


^ ^ d ] 
3 TEDE — 
which is the equation of the plane in the form r-ñ=d. 


This shows that £2 — —i 4 


S| OD 


A 2 2M . ・ 
j+ a k is a unit vector perpendicular to the 


J | Go 


plane through the origin. Hence, the direction cosines of ñ are =6 
1 


ajo 
-|r3 
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Example 15 Find the distance of the plane 2x — 3y + 4z — 6 = 0 from the origin. 


Solution Since the direction ratios of the normal to the plane are 2, —3, 4; the direction 
cosines of it are 


2 —3 4 2 


(2? +(-3)2 +42 22+(-3)2+42 22. (34? im e" Y29 


Hence, dividing the equation 2x - 3y - Az — 6 =01.e., 2x -3y - 4<=0 dbi by 


J29 , we get 


al: 
a 


2 ED 4 6 
— x + —= y + =z = 
V29 。 429^ 29 V9 


This is of the form lx + my + nz = d, where d is the distance of the plane from the 





6 
origin. So, the distance of the plane from the origin is 755 


Example 16 Find the coordinates of the foot of the perpendicular drawn from the 
origin to the plane 2x — 3y + 4z - 6 2 0. 


Solution Let the coordinates of the foot of the perpendicular P from the origin to the 
plane is (x,, y,, z,) (Fig 11.11). 


Z 


Then, the direction ratios of the line OP are 
"s Apk 

Writing the equation of the plane in the normal 
form, we have 





P(x, y, z) 


2 4 6 
—— ——À ILL a K ee 
mU UNS Y 
2 —3 4 
where, ——.——,.——- are the direction x 
X429 429 429 
cosines of the OP. Fig 11.11 


Since d.c. 's and direction ratios of a line are proportional, we have 








^l » 名 
2 73 7347 
29 V29 29 
2k -3k 4k 


i.e., = “= y = —,z, ニーーー 
1.C X, J29 Ji J29 1 29 
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6 
Substituting these in the equation of the plane, we get k = J ; 


Hence, the foot of the perpendicular is = ui 2J 


29 29 29 


If d is the distance from the origin and /, m, n are the direction cosines of 


the normal to the plane through the origin, then the foot of the perpendicular is 
(Id, md, nd). 





11.6.2 Equation of a plane perpendicular to a 
given vector and passing through a given point 
In the space, there can be many planes that are 
perpendicular to the given vector, but through a given 
point P(x, y,, z,), only one such plane exists (see 
Fig 11.12). 


Let a plane pass through a point A with position 


PG, y, る ) 
Q Y 


: | es X Fig 11.12 
vector a and perpendicular to the vector N. 


Let r be the position vector of any point P(x, y, z) in the plane. (Fig 11.13). 


Then the point P lies in the plane if and only if Z 
AP is perpendicular to N. i.e., AP.N= 0. But 
AP= r—á . Therefore, (F-a)-N=0 zi (1) 


This is the vector equation of the plane. 


Cartesian form 





Let the given point A be (x,, y,, z,), P be (x, y, z) T 


Fig 11.13 


and direction ratios of N are A, B and C. Then, 


á-x ity, +z k, r=xityjtzk and N=Ai+Bj+Ck 


Now (F-a)-N=0 
So L(x-x)f«(y7»)3*(z-2)€ | (AT+B な C の =0 
i.e. A(x -x,)+Biy-y,)+C@-z) =0 


Example 17 Find the vector and cartesian equations of the plane which passes through 
the point (5, 2, — 4) and perpendicular to the line with direction ratios 2, 3, — 1. 
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Solution We have the position vector of point (5, 2, - 4) as 2=57+27ー4 た and the 
normal vector N perpendicular to the plane as N22/43j-K 
Therefore, the vector equation of the plane is given by (r—àá).N =0 
or [r-(5142j-45]-Q 7+37ー k)=0 … (D) 
Transforming (1) into Cartesian form, we have 

[x-5)/(y-2) j (4 9k]-Q 743 j-kK)=0 
or 2(x—5)+3(y—2)-1(z+4)=0 


Le. 2x + 3y -z = 20 
which is the cartesian equation of the plane. 


11.6.3 Equation of a plane passing through three non collinear points 


Let R, S and T be three non collinear points on the plane with position vectors  , b and 
c respectively (Fig 11.14). 





Fig 11.14 


The vectors RS and RT are in the given plane. Therefore, the vector RS xRT 


is perpendicular to the plane containing points R, S and T. Let 7 be the position vector 
of any point P in the plane. Therefore, the equation of the plane passing through R and 


perpendicular to the vector RS xRT is 
(F-G)-(RSX RT) = 0 


or (r -à).[(b -á)x(c -a)] = 0 … (1) 
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This is the equation of the plane in vector form passing through three noncollinear 
points. 


Why was it necessary to say that the three points 2 


had to be non collinear? If the three points were on the same 


line, then there will be many planes that will contain them 
(Fig 11.15). 





These planes will resemble the pages of a book where the 
line containing the points R, S and T are members in the binding 
of the book. 


Cartesian form Fig 11.15 
Let (x,, Yp Z,), Q5, Y> z,) and (x, y3, Z,) be the coordinates of the points R, S and T 
respectively. Let (x, y, z) be the coordinates of any point P on the plane with position 
vector r . Then 
RP = メー テ )# *-»0j t+ (2-2) K 
RS = (X =) T (y, -y)j 9 (z c) k 
RT =@,-x)i+ E »07 NZ, — Z,) k 
Substituting these values in equation (1) of the vector form and expressing it in the 
form of a determinant, we have 
X,—X, > 一 る 一人 る | =O 
4X3—431&4 95331. 72374 
which is the equation of the plane in Cartesian form passing through three non collinear 
points (X yp くる) (x, y» る ) and (es Y3» Za) 
Example 18 Find the vector equations of the plane passing through the points 
R(2, 5,- 3), S (- 2, — 3, 5) and T(5, 3,- 3). 
Solution Let @=27+5 j-3k, b=-2i7-3j+5k, @=5i+3 j-3k 
Then the vector equation of the plane passing through à, b and cand is 
given by 
(テー の )・(RSxRT) =0 (Why?) 
or (7—à)-[(b —-á)x(c -d)] 20 
i.e. [7-145 j-3k)]-[(47-8 j- 85) x GE -2 7)]=0 
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11.6.4 Intercept form of the equation of a plane 


In this section, we shall deduce the equation of a plane in terms of the intercepts made 
by the plane on the coordinate axes. Let the equation of the plane be 


Ax - By c Cz - Dz 0 (D#0) nol) 
Let the plane make intercepts a, b, c on x, y and z axes, respectively (Fig 11.16). 


Hence, the plane meets x, y and z-axes at (a, 0, 0), Z 
(0, b, 0), (0, 0, c), respectively. 






-D 
Therefore Aa+D=OorA= Pt 
-D の 
Bb+D=O0orB= 5 ont 
—D P (a,0,0) 
Cc+D=0orC= P 
Substituting these values in the equation (1) of the Fig 11.16 
plane and simplifying, we get 
ー+ テ ゼー = 1 … (1) 
a b c 


which is the required equation of the plane in the intercept form. 


Example 19 Find the equation of the plane with intercepts 2, 3 and 4 on the x, y and 
z-axis respectively. 


Solution Let the equation of the plane be 


xX Yan 2 
——'w-1 i (1) 
a b c 
Here a =®¥, b= 3,c=4. 
Substituting the values of a, b and c in (1), we get the required equation of the 


plane as GA or 6x + 4y + 3z = 12. 


11.6.5 Plane passing through the intersection 
of two given planes 
Let t, and T, be two planes with equations 


r-n, =d, and r-n, =d, respectively. The position 





vector of any point on the line of intersection must 
satisfy both the equations (Fig 11.17). 


Fig 11.17 
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If f isthe position vector of a point on the line, then 
t-n, =d and f.fj =d, 
Therefore, for all real values of À, we have 
t (fi +An,) = d,+Ad, 
Since 7 is arbitrary, it satisfies for any point on the line. 
Hence, the equation 7 -(7,+An,)=d,+Ad, represents a plane 1, which is such 


that if any vector 7 satisfies both the equations m, and 7, it also satisfies the equation 
T, 1.e., any plane passing through the intersection of the planes 


r-ñ = d,andr-n,=d, 
has the equation F-(fi, + An,)=d, + M, (の 
Cartesian form 
In Cartesian system, let 
fi, = A,i+B,j+C,k 


fi, = A,i+B, j+C,k 


"ij 
| 


and 


Then (1) becomes 

X (A, + AA) "Ny (B, + AB.) dz €, PRAC,) — d, + Ad, 
Or (A x+By+Cz-d)+ A(A x - By c C,z-d)-0 212) 
which is the required Cartesian form of the equation of the plane passing through the 
intersection of the given planes for each value of A. 


xit y jtzk 


Example 20 Find the vector equation of the plane passing through the intersection of 
the planes F. (7+ j7+k)=6 and F - (21 -3j-- 4k) -— 5, and the point (1, 1, 1). 

Solution Here, 5j, 2/4 74k and ñ, = 21437 44k; 

and d, — 6 and d, - —5 


Hence, using the relation F - (ri, +An,)=d, +Ad, , we get 


F-[P+j+k+A(2i+3j+4k)] = 6-54 


"i 


or [0 2-22) 22-04-32) j 012-42) K] = 6-5A oh) 


where, A is some real number. 
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Taking f=xityj+zk, We get 
(xi - y j-zky- [02 22) £- (0-32) j+(+4A)k]=6-5A 
Or (1+2A)x+(1+3A)y+(1+4A)z=6-5A 
or (xty+z—-6)+A (2x4+ 3y+4z+4+5)=0 … (2) 
Given that the plane passes through the point (1,1,1), it must satisfy (2), 1.e. 
(1+1+1-6)4+A(24+3+4+4+5)=0 


TI 
T ~ 14 
Putting the values of A in (1), we get 
r CELO "2 
の 14 7 14 
Or [Time] p 
7 AM 7 14 
or ぼ ・(207+23 7 +26k) =69 
which is the required vector equation of the plane. 
11.7 Coplanarity of Two Lines 
Let the given lines be 
redd AB, (1) 
and が = の TU の a2) 


The line (1) passes through the point, say A, with position vector a, and is parallel 


to b, . The line (2) passes through the point, say B with position vector a, and is parallel 


to b,. 

Thus, AB = à, -á, 

The given lines are coplanar if and only if AB is perpendicular to b, xb, 

i.e. AB.(b;x b,) 20 or (à, — à)-(bxb,) 20 

Cartesian form 

Let (x,, y,, Z,) and (x,, y,, Z,) be the coordinates of the points A and B respectively. 
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Let a,, b,, c, and a,, b,, c, be the direction ratios of b, and b, , respectively. Then 


AB=(x, —x )it(y, — yı) j*(z - z)k 
b, =a,itb, jc, k and b, =a, i +b, j4C, k 
The given lines are coplanar if and only if AB- (b, xb, ) = 0. In the cartesian form, 
it can be expressed as 
XTA X74 £74 
a, b, c |=0 (8 


a» b, C5 


Example 21 Show that the lines 
x+3 y-1 z-5 x+1 y-2 z-5 
——— ニー ニーー =—— and — - ニニ ーー テーー are coplanar. 
ー3 1 9 -1 Z 5 
Solution Here,x, =-—3,y,=1,z,=5,a,=—-3,b,=1,c,=5 
x,=-1,y,=2,72,=5,a,=-1, b, =2,c,=5 
Now, consider the determinant 
7*4 »& à $9 A4 2 1.0 
a b, c | ニー に 3 1 5|20 
a, b, の IR 5 
Therefore, lines are coplanar. 
11.8 Angle between Two Planes 


Definition 2 The angle between two planes is defined as the angle between their 
normals (Fig 11.18 (a)). Observe that if 0 is an angle between the two planes, then so 
is 180 — 0 (Fig 11.18(b)). We shall take the acute angle as the angles between 
two planes. 






angle between the normals 


=[90 — (90 — 0)] 
ex し 
EA /) 2 Pf 0 


(b) 


Plane 1 


lo. 


the angle between 
the planes 


(a) 


Fig 11.18 
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If n, and n, are normals to the planes and 0 be the angle between the planes 


rmn -dandr.n,-d,. 
Then 0 is the angle between the normals to the planes drawn from some common 
point. 
n, - n, 
We have, cos 0 = 





|m | | | 


[== Note |The planes are perpendicular to each other if n,.n, = 0 and parallel if 





n, is parallel to zi, . 
Cartesian form Let 0 be the angle between the planes, 
Ax+By+Cz+D =0and Ax + B,y+C,z+D,=0 


The direction ratios of the normal to the planes are A,, B,, C, and A,, B,, C, 
respectively. 


A, A, + B, B, +C, C, 


Therefore, cos 0 = A? " B? A c? A2 +B? +C? 


1. If the planes are at right angles, then 8 = 90? and so cos 6 = Q. 
Hence, cos 0 = A A, + BB, € CC, - 0. 
| B, C 


A 
2. If the planes are parallel, then — = — = —. 
A, B, C 





Example 22 Find the angle between the two planes 2x + y -2z = 5 and 3x —- 6y - 2z = 7 
using vector method. 


Solution The angle between two planes is the angle between their normals. From the 
equation of the planes, the normal vectors are 


Ni = 27+ リ ー2 た and No =37-6j-2k 











vica : Ni・N: (2i+ j-2k)-Gi-6 j-2k) (5) 
ererore COS 一 | 一 ーーーーーーー | = | 一 ーーーーーーーーーーーーーーー ーー 一 | = | ーー 一 
| Ni | |N2 | J4+1+4 ./9+36+4 21 

aba 

Hence 0 = cos 21 
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Example 23 Find the angle between the two planes 3x — 6y + 2z = 7 and 2x + 2y — 2z =5. 
Solution Comparing the given equations of the planes with the equations 
A,x+B,y+C,z+D,=0 and A,x+B,y+C,z+D,=0 
We get A, = 3,B, = ニー6,C =2 
A, = 2,B,=2,C,=-2 


3x2 キー6) (2) + (2) 2 





COS 0 =| nT 
(3? «c9! + (-2)") y(2? +2? «c») 
-10 | 5 53 
ISNI "438. 21 
53 
Therefore, 0 = cos! EJ 


11.9 Distance of a Point from a Plane 

Vector form 

Consider a point P with position vector g and a plane 1, whose equation is 
r-ñ =d (Fig 11.19). 

Z Z 






(a) 


Fig 11.19 


Consider a plane 71, through P parallel to the plane m . The unit vector normal to 
T, is ñ. Hence, its equation is (F — a )-n=0 


— 


i.e., rf — def 


Thus, the distance ON’ of this plane from the origin is là - ñl. Therefore, the distance 
PQ from the plane m, is (Fig. 11.21 (a)) 


Les ON- ON’ = ld - aà- fl 
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which is the length of the perpendicular from a point to the given plane. 
We may establish the similar results for (Fig 11.19 (b)). 


1. If the equation of the plane 7, is in the form r - N=d, where N is normal 


là:N-dl. 
INI 


to the plane, then the perpendicular distance is 


ー Idi 
2. The length of the perpendicular from origin O to the plane F -N = d is €. 


(since a =0). 





Cartesian form 


Let P(x,, y,, z,) be the given point with position vector a and 
Ax + By + Cz =D 
be the Cartesian equation of the given plane. Then 


— 


—— 


N = Ai+Bj+Ck 
Hence, from Note 1, the perpendicular from P to the plane is 


(x,it+ty, jtzk)(Ai+BjJ+Ck)-D 
WA? JL B +C 
Ax, + By,+Cz - D 
JA +B +C 
Example 24 Find the distance of a point (2, 5, — 3) from the plane 
r(6i-3]+2k)=4 

Solution Here, 4=2f+53-3k, N=6i-3j+2kandd=4. 
Therefore, the distance of the point (2, 5, — 3) from the given plane is 


(22 +5 7-3k)-(6i-37+2k)-41  112-15-6-41 13 


167-37 42k |. 4864 9«4 7 
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11.10 Angle between a Line and a Plane 


Definition 3 The angle between a line and a planeis —  Normal— 
the complement of the angle between the line and 
normal to the plane (Fig 11.20). 


Vector form If the equation of the line is 





7 =a+Ab and the equation of the plane is 


=e as | Plane 
r-n=d. Then the angle 0 between the line and the 
normal to the plane is Fig 11.20 
b-ii 
EXE fale 








and so the angle 0⑩ between the line and the plane is given by 90 — 9, i.e., 
sin (90 — 0) = cos 0 























| | b-ñ M = b-n 
L.e. sin ⑪ = AT or = blz 
Example 25 Find the angle between the line 
way £75 
2 3 6 


and the plane 10 x + 2y— 11 z 2 3. 


Solution Let 9 be the angle between the line and the normal to the plane. Converting the 
given equations into vector form, we have 


7 = (-243k)4+ (2743 74+66k) 
and F-(10?+2j-11k) =3 


Here b=2i'+3j+6k and 7=101+2j-11k 


(22+37+6k)-d0?i+2 7-11) 
dhs eo a lO eo e 


- 40 E 8 (E 
"xis "|zi|^ 21 99789 lay 


sin $ = 
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EXERCISE 11.3 


In each of the following cases, determine the direction cosines of the normal to 
the plane and the distance from the origin. 

(d 1-2 (b) x+y+z=1 

(c) 2x+3y-z=5 (d) 5y+8=0 

Find the vector equation of a plane which is at a distance of 7 units from the 


origin and normal to the vector 37 +5 j —6 k. 


Find the Cartesian equation of the following planes: 
(a) F-G+j7—-k)=2 (b r.(2043j- 4k) =1 


(c) r-[(s—20i-(3-0 j *Q s +t) K] 215 

In the following cases, find the coordinates of the foot of the perpendicular 

drawn from the origin. 

(a) 2x - 3y * 4z— 1220 (b 3y+4z-6=0 

(c) x+y+z=1 (d 5y+8=0 

Find the vector and cartesian equations of the planes 

(a) that passes through the point (1, 0, — 2) and the normal to the plane is 
i4 j-k. 

(b) that passes through the point (1,4, 6) and the normal vector to the plane is 
-274K 

Find the equations of the planes that passes through three points. 

(a) (1,1,-1), (6, 4,- 5), (- 4, - 2, 3) 

(b (1, 1,0), (1,2, 1), (- 2,2,- 1) 

Find the intercepts cut off by the plane 2x +y -z — 5. 


Find the equation of the plane with intercept 3 on the y-axis and parallel to ZOX 
plane. 


Find the equation of the plane through the intersection of the planes 
3x-—y+2z-4=0andx+y+z-—2=0 and the point (2, 2, 1). 

Find the vector equation of the plane passing through the intersection of the 
planes 7. (27+2j7-3k) 27, F (2545 ] - 3k ) =9and through the point 
(2,1,3). 

Find the equation of the plane through the line of intersection of the 


planes x + y +z = 1 and 2x + 3y + 4z = 5 which is perpendicular to the plane 
x-y+z=0. 
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12. Find the angle between the planes whose vector equations are 
が ・(27+27ー3 の =S and r.31-3j45£)-3. 
13. In the following cases, determine whether the given planes are parallel or 
perpendicular, and in case they are neither, find the angles between them. 
(a) 7x+5y+6z+30=0 and 3x-y- 1l0z * 420 
(D 2x+y+3z-2=0 and x-2y+5=0 
(c) 2x-2y+4z+5=0 and 3x-3y+6z-1=0 
(d) 2x-y+3z-1=0 and 2x-y+3z+3=0 
(e) 4x+8y+z-8=0 and y+z-4=0 


14. In the following cases, find the distance of each of the given points from the 
corresponding given plane. 


Point Plane 
(a) (060,0, 0) 3àx—4y - 12z 23 
(b (3,-2, 1) 2x—-y+2z7+3=0 
(c) (2,3,— 5) x+2y-2z=9 
(d) (— 6, 0, 0) 2x -3y + 6z-2=0 


Miscellaneous Examples 


Example 26 A line makes angles a, D, y and 6 with the diagonals of a cube, prove that 


cos? @ + cos D + cos? y + cos? 6 = 3 


Solution A cube is a rectangular parallelopiped having equal length, breadth and height. 
Let OADBFEGC be the cube with each side of length a units. (Fig 11.21) 
The four diagonals are OE, AF, BG and CD. Z 


The direction cosines of the diagonal OE which 
is the line joining two points O and E are 







C(0, 0, a) 
F(0, a, a) 


(a, 0, a) G 
a—O a—O a—O 


Ma ee’ ta vata ta’ xa ta +a 


A(a, 0, 0) D(a, a, 0) 


s|- 


1 d 
1.6.. E d eo 
43' 43". 43 Fig 11.21 
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-1 l 1 l 
Similarly, the direction cosines of AF, BG and CD are ——, —=, —=; —, 
i V3’ 43' 3 43 


-] 1 1 1 -l 
=>; re aid ==; s —.rfespeeüvyely. 
3 438 BB VB 
Let /, m, n be the direction cosines of the given line which makes angles o, D, y, Ò 
with OE, AF, BG, CD, respectively. Then 


1 1 
DEUET (+ me n); cos p= pro Pemen) 


1 1 
cosy = wo cos O = Jtm-n (Why?) 


Squaring and adding, we get 
cos?q + cos? D + cos? y + cos? 6 


[d+m+n)+(-l+m4+n)y] -(l—m ny - (l4 m -ny] 


— w | = 


=~ [4(P?+m+n’)] = 


3 (as P +m’ +n? = 1) 


O2 | 33, 


Example 27 Find the equation of the plane that contains the point (1, — 1, 2) and is 
perpendicular to each of the planes 2x + 3y 2z = 5 and x + 2y - 3z = 8. 


Solution The equation of the plane containing the given point is 

A (x-1)+Biy+ 1)+C (z-2) 20 oe ly 
Applying the condition of perpendicularly to the plane given in (1) with the planes 

2x + 3y — 2z = 5 and x + 2y — 3z = 8, we have 

2A + 3B —-2C=0 and A + 2B-3C=0 

Solving these equations, we find A = — 5C and B = 4C. Hence, the required 

equation is 

-5C (x-1)+4CQW+1)4+C(z-2) =0 
Le. 5x- 4y-z=7 
Example 28 Find the distance between the point P(6, 5, 9) and the plane determined 
by the points A (3, — 1, 2), B (5, 2, 4) and C(- 1, - 1, 6). 


Solution Let A, B, C be the three points in the plane. D is the foot of the perpendicular 
drawn from a point P to the plane. PD is the required distance to be determined, which 


is the projection of AP on AB x AC. 


2019-20 


496 MATHEMATICS 


Hence, PD = the dot product of AP with the unit vector along AB x AC. 


SO AP =37+T67+7 ん 
i jk 

and AB x AC = | 2 3 2 =127 -167+12 ん 
-4 0 4 

TOR AH x AD Brod S54 

nit Vector aion x = ST — 

8 J34 
Hence PD 4074647 e 
34 


3 34 
| 17 
Alternatively, find the equation of the plane passing through A, B and C and then 
compute the distance of the point P from the plane. 


Example 29 Show that the lines 
dn A ad y-a z-a-d 
一 O (ei a +Ò 





x—-b+c y% z-b-c 
and ce ES are coplanar. 


P-Y p B+ 


Solution 
Here x,=a-d x,= b—-c 
y= a =? 
Z,= at+d Z,= ち +C 
@=a-d a,= D-Yy 
ら = CO b= 
c= a+0 c= B+y 
Now consider the determinant 
47 = るー る b-c-—a+d b-a b+c-a-d 
à, b, i. Q — Ò Qt a+0 
a» b, の pe D B+ y 
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Adding third column to the first column, we get 
b-a b-a b+c-a-d 
2| Q el Q +Ò -0 
D D D y 


Since the first and second columns are identical. Hence, the given two lines are 
coplanar. 


Example 30 Find the coordinates of the point where the line through the points 
A (3, 4, 1) and B (5, 1, 6) crosses the XY-plane. 


Solution The vector equation of the line through the points A and B is 
peur ud Fkt G-I 44D 406-5] 
i.e. peBle4d rkr a cw … (1) 
Let P be the point where the line AB crosses the XY-plane. Then the position 
vector of the point P is of the form x i +y j. 


This point must satisfy the equation (1). | (Why ?) 


i.e. xi 4" = WEE r4) j-(1-52A)K 
Equating the like coefficients of f, 7 and k , we have 

x23-42X 

y=4-3A 

O=1+5A 
Solving the above equations, we get 

13 23 
x -—— and y 2 — 
15 23 

Hence, the coordinates of the required point are pig? 0. 


Miscellaneous Exercise on Chapter 11 


1. Show that the line joining the origin to the point (2, 1, 1) is perpendicular to the 
line determined by the points (3, 5, — 1), (4, 3, - 1). 


2. Ifl,m,n,andL, m, n, are the direction cosines of two mutually perpendicular 
lines, show that the direction cosines of the line perpendicular to both of these 


are m, m -=m n, mh -=m h, h m, Lm, 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


MATHEMATICS 


Find the angle between the lines whose direction ratios are a, b, c and 

b-c, c-a a-b 

Find the equation of a line parallel to x-axis and passing through the origin. 

If the coordinates of the points A, B, C, D be (1, 2, 3), (4, 5, 7), (- 4, 3, — 6) and 

(2, 9, 2) respectively, then find the angle between the lines AB and CD. 

Ifthe lines ~—2 - y-2 z-3 and x-l y-l1. e 
—3 2k 9 3k l —5 

find the value of k. 

Find the vector equation of the line passing through (1, 2, 3) and perpendicular to 


are perpendicular, 





the plane F.(î +2 ĵ-5k)+9=0. 

Find the equation of the plane passing through (a, b, c) and parallel to the plane 
r-@+]+k)=2. 

Find the shortest distance between lines r=6í +2 j + 2 が eX e-27-72 k) 
and F =-4i-k+uBi-2j-2k). 


Find the coordinates of the point where the line through (5, 1, 6) and (3, 4,1) 
crosses the YZ-plane. 


Find the coordinates of the point where the line through (5, 1, 6) and (3, 4, 1) 
crosses the ZX-plane. 


Find the coordinates of the point where the line through (3, — 4, — 5) and 
(2, — 3, 1) crosses the plane 2x + y+ z= 7. 


Find the equation of the plane passing through the point (— 1, 3, 2) and perpendicular 
to each of the planes x + 2y + 3z= 5 and 3x + 3y +z = 0. 


If the points (1, 1, p) and (— 3, 0, 1) be equidistant from the plane 
F-(3i+4 7-12k)+13=0, then find the value of p. 

Find the equation of the plane passing through the line of intersection of the 
planes 7-(7 + 7 +k)=land 7-(27+3 7 — K) - 4-0 and parallel to x-axis. 


If O be the origin and the coordinates of P be (1, 2, — 3), then find the equation of 
the plane passing through P and perpendicular to OP. 


Find the equation of the plane which contains the line of intersection of the planes 
r1 -2]-3 k)-420,r-Qi - j— k) + 5 = Qand which is perpendicular to the 
plane 7-(57+3 7-6k)+8=0. 
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19. 
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Find the distance of the point (— 1, — 5, — 10) from the point of intersection of the 
line 7 221— j42k -A(31 4j 2 K) and the plane 7-(£— j - &) 25. 
Find the vector equation of the line passing through (1, 2, 3) and parallel to the 
planes 7.(£—j4-2k)25 and 7-3it j 4 K£) 26. 


Find the vector equation of the line passing through the point (1, 2, — 4) and 
perpendicular to the two lines: 


x-8 y+19 z-10 x15. yoo? 2-3 
= = and = 




















3 —16 7 3 8 —5 
Prove that if a plane has the intercepts a, b, c and is at a distance of p units from 
- 1 1 1 1 
the origin, then — + — prone. 
a e p 


Choose the correct answer in Exercises 22 and 23. 


22. 


23. 


Distance between the two planes: 2x + 3y + 4z = 4 and 4x + 6y + 8z = 12 is 


2 
(A) 2units (B) 4units (C) Sunits (D) —— units 


J29 


The planes: 2x — y + 4z = 5 and 5x - 2.5y + 10z = 6 are 


(A) Perpendicular (B) Parallel 
5 
(C) intersect y-axis (D) passes through 0.0 a 
Summary 


Direction cosines of a line are the cosines of the angles made by the line 
with the positive directions of the coordinate axes. 


If /, m, n are the direction cosines of a line, then P? + n? +n? = 1. 
Direction cosines of a line joining two points P(x, y,, z,) and Q(x,, y,, Z,) are 
X,— 572 X9 42 4 
PQ PQ ` PQ 
Where "TQ = O a Ne Gy D == (z = z) 


Direction ratios of a line are the numbers which are proportional to the 
direction cosines of a line. 


If l, m, n are the direction cosines and a, b, c are the direction ratios of a line 
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then 
a | b C 


0 三 Eu t LLL 
ja T b xc Ja! +b? vc ie SEE 2 

@ Skew lines are lines in space which are neither parallel nor intersecting. 
They lie in different planes. 


@ Angle between skew lines is the angle between two intersecting lines 
drawn from any point (preferably through the origin) parallel to each of the 
skew lines. 


€ If Ll, m,, n, and L,, m,, n, are the direction cosines of two lines; and 0 is the 
acute angle between the two lines; then 


cos0 = ILL +m m, + nn. 
€ Ifa, b, c, and a,, b,, c, are the direction ratios of two lines and 0 is the 
acute angle between the two lines; then 


a Ag DA b, VY. c, 


cosð = | rT—— Ww 7* .a Z5 
Ja, +f OR as + No 


€ Vector equation of a line that passes through the given point whose position 


vector is à and parallel to a given vector b is ;— d4-Ab. 
€ Equation of a line through a point (x, y,, z,) and having direction cosines /, m, n is 


ELM A NE 


/ m n 
€ The vector equation of a line which passes through two points whose position 





vectors are d and b is F=ā&+ À (b — à). 
€ Cartesian equation of a line that passes through two points (x,, y,, z,) and 
Eds E. Cato NN el 


4 一 X DoD LEE CI 


€ If 0 is the acute angle between F=ā, +AÀb, and 7=4, t Àb,, then 








b, b 
COS Bs= | Ale 27- 
IB Lb, | 
€ If SI and ルー X, CONO Hid) RM EE 











are the equations of two lines, then the acute angle between the two lines is 
given by cos 6 =|} L +m m, +n n,l. 
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Shortest distance between two skew lines is the line segment perpendicular 
to both the lines. 


Shortest distance between 7 =a, + Ab, and チ ニ の +4 b, is 





(b, x by) (à, 20 
pex» 











| アー エア 
Shortest distance between the lines: — = and 
a 1 b, C | 


2 i ma 0 m s 
の っ b, Ca 





の IO = b,c + (cir cane +@b>% a,b,)° 
Distance between parallel lines r =a, + Ab and 7 = à, +4 b is 


— 


b x (à, — d,) 








In the vector form, equation of a plane which is at a distance d from the 


origin, and 7 is the unit vector normal to the plane through the origin is 
yo e. 
Equation of a plane which is at a distance of d from the origin and the direction 
cosines of the normal to the plane as l, m, n is [x + my + nz = d. 
The equation of a plane through a point whose position vector is a and 
perpendicular to the vector N is (チア -4).N=0. 
Equation of a plane perpendicular to a given line with direction ratios A, B, C 
and passing through a given point (x,, y,, z,) is 

EX Dr cor ap 1 LS e C a ous JL m 


Equation of a plane passing through three non collinear points (x,, y,, Z,), 
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(X, y», る ) and (x,, Yz, z;) 18 

d ED EE sec 

2 ん ココ (や の oll eae 

475 YX7XX 274 
Vector equation of a plane that contains three non collinear points having 
position vectors a, b and č is (r-á).[b—-à)x(c-àd)]20 


Equation of a plane that cuts the coordinates axes at (a, 0, 0), (0, b, 0) and 
(0, 0, c) 1s 


Vector equation of a plane that passes through the intersection of 
planes r.7i =d andr-.m,-d, is rF-(ri * Ari) 2 dj - Xd, , where A is any 
nonzero constant. 


Cartesian equation of a plane that passes through the intersection of two 
given planes A, x + By» y c C, z eD,20and A,x+B,y+C,z+D,=0 


is (A, x +B, y + C@N A(A, x uli, NE, < + D.) = 0. 
Two lines F = & + VD, and r = à, +y b, are coplanar if 
(à, — à) (b Xb) = 0 


eS Seo te dae d EAR 


In the cartesian form two lines = 





“~~ ^2 à, p 
b, C, are coplanar if zi 


In the vector form, if 9 is the angle between the two planes, 7.7 =d, and 


ln, nl 
> > E 1 2) 
p ds (hen @ = Coss, | 

In, In, | 


The angle 6 between the line r=a+ àb and the plane 7 -n=d is 
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